Entropy for curvature squared gravity using surface term and auxiliary
  field by Hirochi, Kyosuke
ar
X
iv
:1
30
4.
70
85
v1
  [
he
p-
th]
  2
6 A
pr
 20
13
Entropy for curvature squared gravity using surface term and auxiliary field
Kyosuke Hirochi1
1 Department of Physics, Nagoya University, Nagoya 464-8602, Japan
We compute the entropies for general curvature squared gravities in arbitrary dimensions using
the conserved charge and Virasoro algebra from surface term. We introduce an auxiliary tensor
field in order to obtain the boundary action which establish a variational principle. Our results
reproduce those in some specific models, that is, the Gauss-Bonnet, new massive gravity (NMG),
and critical gravity.
PACS numbers: 04.50.Kd, 04.70.Bw
I. INTRODUCTION
Black hole is an important object in the theory of gravity because studying the properties of the black hole can
give us to some indications for the quantum gravity. A thermal behavior is one of the remarkable aspect of black hole
[1, 2]. In the concept of black hole thermodynamics for the Einstein gravity, temperature and entropy correspond to
surface gravity and area of the black hole horizon, respectively. The methods to obtain the entropy have developed
in last few decades. One of them is to use the Virasoro algebra with central charge and the Cardy formula [3, 4]. In
this method, the conserved charge constructing this algebra is related with the diffeomorphism and obtained from the
bulk action.
Recently, a new method was proposed in [5, 6]. In Refs papers, [5, 6], the Virasoro algebra and the conserved charge
are obtained from the surface term instead of the bulk term. We can obtain the central charge and the zero mode
eigenvalues of the Fourier modes of the charge from the Virasoro algebra without any ambiguity like shifting the zero
mode charge and the choice of parameter α appeared in Fourier modes of T which is determined as the solution of
the Killing equations (detail is written in section 2). Using the Cardy formula [7], we obtain the black hole entropy.
In the Einstein gravity, the corresponding surface term is the well-known Gibbons-Hawking term, and reproduces the
Bekenstein-Hawking entropy.
Our purpose in this paper is application of the method to the general curvature squared gravity. For the special
case including higher curvature terms, the Gauss-Bonnet gravity, the corresponding entropy was calculated in [8] (in
this paper the third order Lovelock model was also calculated). However, for generic gravitational theories including
curvature squared term we have not obtained entropy because there is no corresponding surface term that leads to
a well-posed variational principle. This problem can be improved by introducing an auxiliary field which rewrite
the action as a second-order form. Due to this reduced action, we can obtain a generalized Gibbons-Hawking term
without loosing the variational principle.
This paper is organized as follows. In the next section, we will review how to obtain the conserved Noether charge
from the surface term of a general gravitational action. In section 3, we will obtain the surface term for curvature
squared action using the method of introducing auxiliary tensor field. In section 4, we will compute the generic
formula of entropy for the Schwarzschild black hole. We will conclude our result in last section.
II. NOETHER CURRENTS AND THEIR CHARGES FROM SURFACE TERM
In this section, we review the calculation Noether current and conserved charge using the surface term. In general,
the surface term of the gravitational action on the manifold M in D-dimensions is given by
SB =
1
16piG
∫
∂M
dD−1x
√−γLB = 1
16piG
∫
M
dDx
√−g∇µ(NµLB), (II.1)
where Nµ is the unit normal of the boundary ∂M , gµν is the metric on the M and γµν is the boundary metric induced
from gµν . The conserved Noether current J
µ which we like to obtain corresponds to a general diffeomorphism
transformation
xµ → xµ + ξµ. (II.2)
Now, we define the Lagrangian density for convenience,
√−gL = √−g∇µAµ, Aµ ≡ 1
16piG
NµLB, (II.3)
2where L is a scalar. Under (II.2), the left hand side of (II.3) varies by
δξ(
√−gL) ≡ £ξ(
√−gL) = √−g∇µ(Lξµ). (II.4)
On the other hand, the right hand side changes by
δξ(
√−g∇µAµ) = £ξ
[
∂µ(
√−gAµ)] = ∂µ [£ξ√−gAµ +√−g£ξAµ] = √−g∇µ [∇ν(Aµξν)−Aν∇νξµ] , (II.5)
where we have used the relationships
∇µAµ = 1√−g∂µ(
√−gAµ). (II.6)
Then, we get the conserved Noether current by equating (II.4) and (II.5),
Jµ[ξ] = Lξµ −∇ν(Aµξν) +Aν∇νξµ, ∇µJµ = 0. (II.7)
Also we can define the Noether potential Jµν by rewriting Jµ as
Jµ[ξ] = ∇νJµν [ξ] = ∇ν(ξµAν − ξνAµ). (II.8)
The corresponding charge is then given by
Q[ξ] =
1
2
∫
M
√−gdΣµJµ = 1
2
∫
M
√−gdΣµ∇νJµν = 1
2
∫
∂M
√
−hdΣµνJµν , (II.9)
where the last equality is coming from the Stoke’s theorem and dΣµν is the (D-2)-dimensional surface element defined
as
dΣµν ≡ −dD−2x(NµMν −NνMµ), (II.10)
and h is the determinant of the corresponding induced metric. Here, Nµ and Mµ are chosen as the space-like and
time-like unit normals respectively:
NµNµ = 1, M
µMµ = −1, NµMµ = 0. (II.11)
Next, we define the algebra of the Noether charges (II.9) as
[Q1, Q2] ≡ (δξ1Q[ξ2]− δξ2Q[ξ1]). (II.12)
We will show that this algebra leads to the Virasoro algebra with the central charge. First, we compute the variation
of the Noether charge
δξQ[ξ] =
∫
dΣµδξ(
√−gJµ) =
∫
dΣµν
√
−hξνJµ. (II.13)
So, the algebra (II.12) becomes
[Q1, Q2] =
∫
dΣµν
√
−h (ξµ2 Jν [ξ1]− ξµ1 Jν [ξ2]) . (II.14)
Now, we consider the general static spherical black holes solutions whose metric is given by
ds2 = −f(r)dt2 + f(r)−1dr2 + hijdxidxj . (II.15)
Here f(r) is a function which satisfies the conditon f(rh) = 0, where r = rh is the location of the horizon. From now
on, we focus on the near horizon regions, so it is convenient to define a new coordinate ρ
r ≡ rh + ρ, ρ≪ 1. (II.16)
In these regions, the function f(rh + ρ) can be expanded as
f(rh + ρ) = 0 + f
′(rh)ρ+
1
2
f
′′
(rh)ρ
2 + · · · . (II.17)
3Here the surface gravity is determined by
κ ≡ f
′(rh)
2
. (II.18)
On the horizon, ρ→ 0, the metric becomes singular, so we introduce the Bondi-like coordinates defined by
du = dt− f(ρ)−1dρ. (II.19)
Thus the metric (II.15) becomes regular on the horizon,
ds2 = −f(ρ)dt2 − 2dudρ+ hijdxidxj . (II.20)
We solve the Killing equations for the vector field ξµ which leave the horizon structure invariant
0 = £ξgρρ = −2∂ρξu, 0 = £ξguρ = −f(ρ)∂ρξu − ∂ρξρ − ∂uξu, (II.21)
0 = £ξguu = −ξρ∂ρf(ρ)− 2f(ρ)∂uξu − 2∂uξρ = O(ρ). (II.22)
We should note that the equation (II.22) near the horizon is trivially satisfied. The solutions for the Killing equations
(II.21) are given by
ξu = F (u, x), ξρ = −ρ∂tF (u, x), (II.23)
where F (u, x) is an arbitrary function and other components of ξµ vanish. In the original coordinates (t, ρ), these
Killing vectors have the following forms
ξt = T − ρ
f(ρ)
∂tT, ξ
ρ = −ρ∂tT, T (t, ρ, x) ≡ F (u, x). (II.24)
We define the two normal vectors Nµ,Mµ for the metric (II.15) as follows,
Nµ = (0,
√
f(ρ), 0, · · · , 0), Mµ =
(
1√
f(ρ)
, 0, · · · , 0
)
. (II.25)
Substituting (II.25) into (II.9), we obtained the conserved Noether charge,
Q[ξ] =
1
16piG
∫ √
−hdD−2x ρ√
f
(
f
ρ
T − ∂tT
)
LB. (II.26)
III. SURFACE TERM FOR CURVATURE SQUARED TERM
In order to evaluate the entropy, we need to calculate the surface term LB. In general, however, LB for the higher-
derivative term cannot be obtained because we impose the boundary condition that the variations of the metric should
vanish, higher derivative terms of the variations are still exist, so there is no variational principle except with some
specific term (for examples, the Gauss-Bonnet and the Lovelock gravities). As a substituted method, we use auxiliary
field method to get the action including up to second-derivative term which is equivalence with the curvature squared
one on-shell [9] (see also [10] as a pioneer work ).
We consider the most general curvature squared pure gravity action in D-dimensions as
S =
1
16piG
∫
dDx
√−g (σR− 2Λ0 + a1RµνρσRµνρσ + a2RµνRµν + a3R2) , (III.27)
where Λ0 is the bare cosmological constant and σ takes the values of 0 or ±1 and a1, a2, and a3 are the coupling
constants. For the Einstein-Hilbert term, the surface term is well-known so called hGibbons-Hawking termh
SGH =
1
16piG
∫
dD−1x
√−γ(−2σK), (III.28)
4where K is the trace of extrinsic curvature defined by,
Kµν ≡ −1
2
(∇µNν +∇νNµ). (III.29)
We restrict to consider the action including only second-order derivative terms by introducing an auxiliary field
φµνρσ ,
Sφ =
1
16piG
∫
dDx
√−g(φµνρσRµνρσ + b1φµνρσφµνρσ + b2φµνφµν + b3φ2), (III.30)
where φµνρσ has the same symmetries as the Riemann tensor φµνρσ = −φµνσρ = −φνµρσ , φµνρσ = φρσµν etc. and
φµν ≡ gρσφρµσν , φ ≡ gµνφµν . We show that by choosing the parameters (b1, b2, b3) properly, Sφ becomes equivalent
to the curvature squared term of (III.27). The equation for φ is given by
Rµνρσ + 2b1φµνρσ + 2b2φ〈µρgνσ〉 + 2b3φg〈µρgνσ〉 = 0, (III.31)
where 〈· · · 〉 expresses, for example,
φ〈µρgνσ〉 =
1
4
(φµρgνσ − φνρgµσ − φµσgνρ + φνσgµρ). (III.32)
Taking the trace of (III.31), one obtains
Rµν + 2b1φµν +
b2
2
[(D − 2)φµν + φgµν ] + (D − 1)b3φgµν = 0, (III.33)
and,
R + [2b1 + (D − 1)b2 +D(D − 1)b3]φ = 0. (III.34)
Then, we obtain the relations between φµνρσ and Rµνρσ as follows
φ = − R
2b1 + (D − 1)b2 +D(D − 1)b3 , (III.35)
φµν = − 2
4b1 + (D − 2)b2
(
Rµν − b2 +D(D − 1)b3
2[2b1 + (D − 1)b2 +D(D − 1)b3]Rgµν
)
, (III.36)
φµνρσ = − 1
2b1
(
Rµνρσ − 4b2
4b1 + (D − 2)b2R〈µρgνσ〉 (III.37)
+
2[b22 − 4b1b3 +Db2b3]
[4b1 + (D − 2)b2][2b1 + (D − 1)b2 +D(D − 1)b3]Rg〈µρgνσ〉
)
.
Inserting these expressions into (III.30) and compared with (III.27), we finally obtain the relationships between the
(a1, a2, a3) and (b1, b2, b3) as follows
a1 = − 1
4b1
, (III.38)
a2 =
b2
b1[4b1 + (D − 2)b2] , (III.39)
a3 = − b
2
2 − 4b1b3 +Db2b3
2b1[4b1 + (D − 2)b2][2b1 + (D − 1)b2 +D(D − 1)b3] . (III.40)
Next, in order to obtain the general Gibbons-Hawking (GGH) term we perform the variation of (III.30). Since only
a surface term we interested in, we ignore a term which vanishes on-shell,
δgSφ =
1
16piG
∫
dDx
√−gφµνρσδRµνρσ
5=
1
16piG
∫
dDx
√−g∇µ (−2φµνρσ∇ρδgνσ + 2∇ρφµνρσδgνσ)
=
1
16piG
∫
dD−1x
√−γNµ(−2φµνρσ∇ρδgνσ), (III.41)
where we imposed the boundary condition δgµν = 0 to the third line. Using the variations of Kµν on surface, the
integrand of δgSφ becomes
− 2Nµφµνρσ∇ρδgνσ = 4NrφrirjδKij , (III.42)
where component r expresses the direction normal to the boundary ∂M . Then, we get the generalized Gibbons-
Hawking term as follows
SGGH = − 1
16piG
∫
dD−1x
√−γ(2σ + 4φrirjKij). (III.43)
Using the (A)dS backgrounds solutions of (III.27) where
Rµνρσ =
2Λ
(D − 1)(D − 2)(gµρgνσ − gµσgνρ), Rµν =
2Λ
D − 2gµν , R =
2DΛ
D − 2 , (III.44)
Λ0 = σΛ +
2(D − 4)
D − 2
(
[D(a3 − a1) + a2 + 4a1] 1
D − 2 + a1
D − 3
D − 1
)
Λ2, (III.45)
we obtain the SGGH for the (A)dS background
SGGH = − 1
8piG
∫
dD−1x
√−γ [(σ + F )K] , (III.46)
where F is defined as the contribution to the SGH,
F ≡ 4Λ
(D − 1)(D − 2) [2a1 + (D − 1)(a2 +Da3)] . (III.47)
IV. ENTROPY FOR CURVATURE SQUARED GRAVITY
In the previous section, the GGH action for the auxiliary field methods is obtained which is equivalent with the
original curvature squared action on-shell. Now, we are ready to calculate the entropy for the general curvature
squared gravity. For the Schwarzschild type metric, discussed in section 2, the extrinsic curvature is rewritten by
K = − 1
2
√
f
∂ρf, (IV.48)
and the conserved charge near the horizon becomes
Q[ξ] =
1
8piG
∫
dD−2x
√
−h
(
κT − 1
2
∂tT
)
(σ + F ). (IV.49)
We expand T in term of basis function Tm
T =
∑
m
AmTm, A
∗
m = A−m, (IV.50)
Tm =
1
α
exp [im(αt+ g(ρ) + p · x)] . (IV.51)
where α is a arbitrary parameter, p is an integer, and g(ρ) is a function that is regular at the horizon. Here Tm is
chosen to obey the algebra isometric to Diff S1 [11]
i{ξm, ξn}a = (m− n)ξam+n. (IV.52)
6Substituting (IV.51) to (IV.49) and we obtain Qm determined by Q =
∑
mQmAm and their Virasoro algebra
Qm =
κA
8piGα
(σ + F ) δm,0, (IV.53)
[Qm, Qn] =
iκA
8piGα
(σ + F ) (m− n)δm+n,0 − im
3αA
16piGκ
(σ + F ) δm+n,0. (IV.54)
From the Virasoro algebra and the charge, we can get the central charge c and the zero mode Q0 as
c
12
=
α
16piGκ
A (σ + F ) , Q0 =
κ
8piGα
A (σ + F ) , (IV.55)
where A is the surface area of black hole. Using the Cardy formula, we obtain the entropy of the curvature squared
gravity,
S = 2pi
√
cQ0
6
=
A
4
(σ + F ). (IV.56)
We show several specific examples. First, the Einstein+Gauss-Bonnet type gravity, (a1, a2, a3) = (1,−4, 1), the
entropy becomes
S = A
[
σ +
4a(D − 3)
(D − 1) Λ
]
. (IV.57)
where a is a coefficient of the Gauss-Bonnet term. This result coincides with that in [12]. Second, the new massive
gravity (NMG) in 3-Dim [13], (a1, a2, a3) = (0,−1, 38 ),
S =
(
σ − 1
2m2
Λ
)
, (IV.58)
where m2 is a coefficient of the higher curvature term. Finally we discuss Critical Gravity in 4-Dim,(a1, a2, a3) =
(0,− 3
2Λ
,− 1
2Λ
). In this parameter choice, the entropy vanishes, which is same as [14].
V. CONCLUSION
In this paper we have studied the entropy of D-dimensional gravity with curvature squared term using the method
based on the Virasoro algebra and the central charge. Introducing an auxiliary field we have obtained the second-
derivative formed action which is equivalent with the original one on-shell. Thus, without loosing the variational
principle, we have calculated the surface action and the Black Hole entropy.
We note that the above technique is valid for the Schwarzschild type metric. So, the study whether the same
method is still make sure to the other types of metric, the Kerr metric for example, is the interesting future works.
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